Abstract--An analysis of the possibility of finding similarity solutions to the three-dimensional, steady, incompressible, boundary layer equations in rectangular coordinates for a power law fluid is investigated. It is found that, in general, the two components of the mainstream flow must differ by at most a multiplicative constant and that these components are powers or exponentials of the x'-coordinate.
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In the present paper, a similar problem is considered except that all flow quantities are independent of the z'-coordinate, as shown in Fig. 1 . Such flows are characterized by the fact that their streamlines form a system of "translates". That is, the entire streamline pattern can be obtained by translating any particular streamline parallel to the leading edge of the surface [5] . It is hoped that by omitting dependence of flow quantities in one direction, more qualitative information may be obtained on the characteristics of the three-dimensional boundary layer flows of power-law non-Newtonian fluids.
THE BASIC EQUATIONS
The power-law Ostwald-de Waele model has been found to be remarkably versatile and useful in representing flow behavior of many non-Newtonian fluids over quite a wide range of shearing rate. Mathematically, it can be represented in the form _--{mix/(½ j:j)l.-1) j where ) and J are the stress tensor and the rate of deformation tensor, respectively; and m and n are physical constants different for different fluids which can be determined experimentally. Under the boundary layer assumptions, the only two non-vanishing components are where the absolute sign has been dropped since both terms within the sign are positive.
Using this "equation of state", the steady, incompressible, equations over a surface oriented in Fig. 1 
dx'
The boundary conditions for the system of equations are
The flow problem is quasi-two-dimensional in nature since the velocity components are independent of the z-coordinates. This point is discussed in detail by Hansen and Herzig [5] .
Equations (1), (2) and (3) may be put in dimensionless form as follows:
where ___L Then, we obtain: Equations (5), (6) and (7) Ox Oy
a function,* (8)
A group-theoretic analysis is employed in the next section to find the form of U(x) and W(x) for which similarity solutions will exist.
GROUP-THEORETIC ANALYSIS
Similarity analysis by the group-theoretic method is based on concepts derived from the theory of transformation groups. This method was first introduced by Birkhoff [-6] and Morgan [7] and is discussed in detail in [-8]. Two groups of one-parameter transformation are usually found to give adequate treatment of boundary layer equations.]" Each group gives rise to cases which will be separately discussed.
* The function ¢, is not strictly the stream function generally used in two-dimensional analyses since constant 0-lines will not give actual flow streamlines. On the other hand, ¢, = const, does give projections of flow streamlines in the x-y plane.
t The problem of systematically searching for all possible groups of transformation for a given system of partial differential equations has been the subject of a recent report by the authors [9] using Lie's theories of Case I. A one-parameter linear group of transformation is selected as
where ctt, 32, 33, 34, ~s, 36, and A are constants. We now seek relations among the a's such that the basic equations will be invariant under this group of transformation. This can be achieved by substituting the transformation into equations (8) and (9) . Thus, we obtain
From equations (10) and (11), it is seen that if the basic equations are to be invariant under this group of transformation, the powers of A in each term should be equal. Therefore, equations (10) and (11) give 
infinitesimal contact transformation groups. For two-dimensional, laminar boundary layer equations, the linear and the spiral groups are found to be the only two possible groups. For the present problem, we would expect that the same conclusion will be obtained.
The next step in this method is to find the so-called "absolute invariants" under this group of transformation. Absolute invariants are functions having the same form before and after the transformation. It is noted that We therefore obtain the transformed independent and dependent variables as
X ~ Substituting for independent and dependent variables in equations (8) and (9) expressions found from equations (17)- (21) we expect to obtain a set of equations which are ordinary differential equations or very close to ordinary differential equations (see [4] ). Specifically we obtain: 
where fl is an arbitrary constant. Since the mainstream velocities, U and W, are assumed to be functions of x only, we conclude that similarity solutions exist only for the special case U(x) = C s e ax (33) and W(x) = C4 e ~x (34) where C3 and C4 are arbitrary constants. The basic equations may then be transformed through the use of equations (28)- (32) to obtain: 
+ flC3C4
From the above analysis, it is seen that similarity solutions may exist for flows for which the mainstream velocities U and W are either powers or exponentials of x, as shown in equations (24), (25), (33) and (34). We also have
U(x) = (Const.) W(x)
This means the mainflow streamlines are straight lines. Although this is a severe restriction, the form of velocity components is somewhat more general than the cases found by Schowalter [4] .* * Schowalter apparently placed the restriction that all derivatives of velocities are non-vanishing.
SIMILARITY SOLUTIONS FOR SMALL CROSS FLOW
If the cross-wise velocity is assumed to be small, then the restriction that
can be relaxed, and the mainflow streamlines need not be straight. Moreover, the momentum equation in the z-direction will be linear in W, and the principle of superposition of solutions may be applied.
The simplifications permitted from the assumption of small cross flow may be made evident by considering the limiting deflection angle, 0, of the streamlines within the boundary layer. This angle is the arctangent of the ratio of velocities in the z-and x-directions, evaluated at y = 0, i.e. Equation (45) has the same form as equation (24)~ which means that the same form of mainstream velocity, U, for both cases. However, restrictions on the mainstream velocity in the z-direction, W, are considerably relaxed for the case of small cross flow, and W need no longer equal U. Furthermore, equation (39) (50) will be solution to equation (39) with W given by equation (49). For the case of U = U3 = const., i.e. y = 0, and n = 1, the above case is reduced to that analyzed by Hansen and Herzig [5] (although the limitation of small cross flow was not required). 
For these forms of U and W, the basic equations (8) and (9) , are transformed to
Case II. For the spiral group of transformation, the following absolute invariants are obtained. The basic equations, equations (8) and (9) , then become
JG4j-~-~-~-~Js
with the boundary conditions
U,~ = C7, G4~ = W4 = Cs ~=oo"
d-~= being independent of x and y. It is seen from the preceding analysis that for cases with small cross flow, the boundary layer equations can be solve~l exactly by similarity transformation if the mainstream, velocity is in the form of equation (50). Since the coefficients in equation (50) are arbitrary, various streamline shapes can be constructed by proper choice of these coefficients. A particular shape (e.g. the contour of a channel wall) may be approximated by a polynominal according to usual numerical procedures. Thus, the class of flows becomes a useful tool in investigating the influence of various streamline configurations on boundary layer behavior.
CONCLUSIONS
The analysis of the laminar, incompressible three-dimensional boundary layer equations of power-law fluids with streamlines forming a system of "Translates" led to solutions for mainstream flows described by equations (24), (25), (33) and (34). By placing the condition of small cross flow, restrictions on the mainstream velocity W are considerably relaxed, as is shown in equations (45), (46), (56) and (57). Furthermore, the linearity of the momentum equation in the crosswise direction makes it possible to generalize the form to any mainstream shape which can be approximated by a polynomial (e.g. the contour of a channel wall).
Numerical solutions of the ordinary differential equations for different values of the parameters will be given in a later paper.
